Abstract. We provide a classification and explicit bases of tableaux of all irreducible subquotients of generic Gelfand-Tsetlin modules over Uq(gl n ) where q = ±1.
Introduction
Recently there has been a breakthrough in the theory of Gelfand-Tsetlin modules in the papers [7] , [9] , [10] , [8] . In these papers new classes of simple gl n -modules were constructed generalising a classical Gelfand-Tsetlin basis [14] , [22] for finitedimensional representations. These new representations also have a basis consisting of Gelfand-Tsetlin tableaux but such tableaux are not necessarily eigenvectors of the Gelfand-Tsetlin subalgebra [5] . This fact requires a modified action of the generators of the Lie algebra on this basis. Gelfand-Tsetlin representations are related to the theory of integrable systems [19] , [20] , [1] , [2] , [3] , [4] , general hypergeometric functions on the complex Lie group GL(n), [15] , [16] ; solutions of the Euler equation, [6] , [25] among the others.
The purpose of current paper is to study the Gelfand-Tsetlin basis for quantum gl n aiming to generalize the constructions above in the quantum case. Previously, partial results were obtained for example in [21] , [23] , [24] , [12] . A general theory of Gelfand-Tsetlin modules for quantum gl n was developed in [11] . Even though quantization of the Gelfand-Tsetlin basis for generic module in the non-root of unity case may seem straightforward it does require a very careful treatment which was done in this paper. We also include a root of unity case.
Our main result is Theorem 6.2 which provides explicit construction of all irreducible generic Gelfand-Tsetlin modules with tableaux realization. In Section 7 we consider q a root of unity and apply our construction in this case. Iy yields new explicit constructions of some finite dimensional irreducible modules.
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Notation and conventions
Throughout the paper we fix an integer n ≥ 2. The ground field will be C. For a ∈ Z, we write Z ≥a for the set of all integers m such that m ≥ a. Similarly, we define Z <a , etc. By U q we denote the quantum enveloping algebra of gl(n). We fix the standard Cartan subalgebra h, the standard triangular decomposition and the corresponding basis of simple roots of U q . The weights of U q will be written as n-tuples (λ 1 , ..., λ n ). For a commutative ring R, by Specm R we denote the set of maximal ideals of R. We will write the vectors in C n(n+1) 2 in the following form:
is defined by (δ ij ) ij = 1 and all other (δ ij ) kℓ are zero. For i > 0 by S i we denote the ith symmetric group. Let 1(q) be the set of all complex x such that q x = 1. Finally, for any complex number x, we set
Gelfand-Tsetlin modules
Let P be the free Z-lattice of rank n with the canonical basis {ǫ 1 , . . . , ǫ n }, i.e.
Then Φ realizes the root system of type A n−1 with Φ a basis of simple roots.
We define U q as a unital associative algebra generated by e i , f i (1 ≤ i ≤ n) and q h (h ∈ P ) with the following relations: 
The quantum special linear algebra U q (sl n ) is the subalgebra of U q generated by e i , f i , q ±αi (i = 1, 2, . . . , n − 1).
Remark 3.1 ( [13] , Theorem 12). U q has an alternative representation. It is isomorphic to the algebra generated by l
where R = q i e ii ⊗ e ii + i =j e ii ⊗ e jj + (q − q −1 ) i<j e ij ⊗ e ji . The isomorphism between this two representations is given by
Let for m n, gl m be the Lie subalgebra of gl(n) spanned by {E ij | i, j = 1, . . . , m}. We have the following chain
It induces the chain U 1 ⊂ U 2 ⊂ . . . ⊂ U n for the universal enveloping algebras U m = U (gl m ), 1 ≤ m ≤ n. If By we denote by (U m ) q the quantum universal enveloping algebra of gl m . We have the following chain (U 1 ) q ⊂ (U 2 ) q ⊂ . . . ⊂ (U n ) q . Let Z m denotes the center of (U m ) q . The subalgebra of U q generated by {Z m | m = 1, . . . , n} will be called the Gelfand-Tsetlin subalgebra of U q and will be denoted by Γ q . Theorem 3.2 ( [13] , Theorem 14) . The center of U q (gl m ) is generated by the following m + 1 elements
where
Any submodule of a Gelfand-Tsetlin module over U q is a GelfandTsetlin module.
Finite dimensional modules of U q
In this section we recall the quantum version of a classical result of Gelfand and Tsetlin which provides an explicit basis for every irreducible finite dimensional U q -module.
, by T (L) we will denote the following array with entries
such an array will be called a Gelfand-Tsetlin tableau of height n. A GelfandTsetlin tableau of height n is called standard if
The following theorem discribes the Gelfand-Tsetlin approach for simple finite dimensional U q modules with a given highest weight. . Let L(λ) be the finite dimensional irreducible module over U q of highest weight λ = (λ 1 , . . . , λ n ). Then there exist a basis of L(λ) consisting of all standard tableaux T (L) with fixed top row l nj = λ j − j. Moreover, the action of the generators of U q on L(λ) is given by the Gelfand-Tsetlin formulae:
The next proposition gives the explicit action of the generators of Γ q . 
Proof. Follows directly from Theorem 4.3 and the fact that eigenvalues of γ nk depend only on the n-th row of the tableau.
Generic Gelfand-Tsetlin modules of U q
Recall that 1(q) stands for the set of all complex x such that q x = 1.
is called q-generic if it satisfies the following defining conditions:
By B(T (L)) we will denote the set of all Gelfand-Tsetlin tableaux T (R) of height n satisfying r nj = l nj and r ij − l ij ∈ Z for 1 ≤ j ≤ i ≤ n − 1.
) has a structure of a U q -module of finite length with action of the generators of U q given by the Gelfand-Tsetlin formulae (12) .
That is, for any two different tableaux in V (T (L)), there exists an element in Γ q with different eigenvalues corresponding to the tableaux.
Proof. Let T (R) and T (S) be two tableaux with different m-th row. Assume T (R) and T (S) have the same eigenvalue for any element in Γ q . It is easy to see from (4.3) that (q 2sm1 , . . . , q 2smm ) is a permutation of (q 2rm1 , . . . , q 2rmm ). Therefore, for any r mi , there exist j such that q 2rmi = q 2smj , which implies that r mi − s mj ∈ 1(q) 2 . This lead to i = j and r mi = s mj which is a contradiction.
5.1. Classification of irreducible generic Gelfand-Tsetlin U q -modules. We recall the following result of Mazorchuk and Turowska.
Theorem 5.4 ([21] Proposition 2).
If n ∈ Specm Γ is generic, then there exists a unique irreducible Gelfand-Tsetlin module N such that N (n) = 0. Definition 5.5. If T (R) is a q-generic tableau and r ∈ Specm Γ q corresponds to R then, the unique module N such that N (r) = 0 is called the irreducible Gelfand-Tsetlin module containing T (R), or simply, the irreducible module containing T (R).
This section is devoted to an explicit construction of the irreducible GelfandTsetlin module containing T (R) for every q-generic tableau T (R).
For convenience we introduce and recall some notation.
Notation 5.6. Let T (L) be a fixed tableau of height n.
5.2. Submodule generated by a single tableau. In order to find an explicit basis of every irreducible generic module, we first find a basis of U q · T (R) for any tableau T (R) in B(T (L)).
Definition 5.7. Given T (Q) and T (R) in B(T (L)), we write T (R) (1) T (Q) if there exist g ∈ gl(n) such that T (Q) appears with nonzero coefficient in the decomposition of g · T (R) into a linear combination of tableaux. For any p ≥ 1 we write
As an immediate consequence of the definition of (p) we have the following.
The next theorem discribes the submodule of V (T (L)) generated by a fixed tableau T (R).
(i) The Gelfand-Tsetlin formulas endow W (T (R)) with a U q -module structure.
(ii) U q · T (R) = W (T (R)). In particular, N (T (R)) forms a basis of U q · T (R), and the action of U q on U q · T (R) is given by the Gelfand-Tsetlin formulas.
Proof. (i) In order to prove that W (T (R)) is a submodule, it is enough to prove U ·T (S) ⊆ W (T (R)) for any T (S) ∈ N (T (R)). We will show g ·T (S) is in W (T (R)) for every (standard) generator of U q .
Suppose g = e k for some 1 ≤ k ≤ n − 1. By the Gelfand-Tsetlin formulas, we have
If e k (T (S)) / ∈ W (T (R)), then there exist k and j such that T (S) ∈ N (T (R)) but T (S + δ kj ) / ∈ N (T (R)). That implies
2 + Z ≥0 . The latter holds only in two cases:
Note that if neither of these two cases hold, we have ω p,s,u (T (R+δ kj )) = ω p,s,u (T (S)). We consider now each of the two cases separately.
2 +Z ≥0 . Hence s k+1,s −s k,i = 0 and then the coefficient of T (S + δ ki ) in the decomposition of e k (T (S)) is
Therefore, the tableaux that appear with nonzero coefficients in the decomposition of e k (T (S)) are elements of N (T (R)). Hence, e k (T (S)) ∈ W (T (R)). The proof that f k (T (S)) ∈ W (T (R)) is analogous to the one of e k (T (S)) ∈ W (T (R)). The case q ǫ k is trivial because q ǫ k acts as a multiplication by a scalar on T (S) and T (S) ∈ N (T (R)) ⊆ W (T (R)).
(ii) The Gelfand-Tsetlin subalgebra separate tableaux in B(T (L)), it is sufficient to prove that for any T (S) ∈ W (T (R)), T (S) (p) T (R) for some p ∈ Z >0 . Let T (S) = T (R + z), we prove the statement by induction on 1≤j≤i<n |z ij |. when 1≤j≤i<n |z ij | = 1, there exist z ij = ±1, all other entries are zero. We consider each case separately.
(a) Suppose z ij = 1. Then the coefficient of T (S) in e i T (R) is
. Thus r i+1,k − r i,j = 0 for any k which implies T (S) (1) T (R) (b) Suppose z ij = −1. Similarly the coefficient of T (S) in f i T (R) is not zero. When 1≤j≤i<n |z ij | > 1, It is sufficient to proof the following statement. Let z i,j0 , z i+1,j1 , · · · , z i k ,j k be the nonzero elements such that r i+t,jt − r i+t ′ ,j t ′ ∈ 1(q)
Let t be the maximal number such that all the numbers z i,j0 , . . . , z i+t,jt have the same sign, then Ω
T (S)) if the sign is negative. By induction one has that T (S) (p) T (R).
(iii) (iv) and (v) are easy to see from (i) and (ii).
Main results
Definition 6.1. For any q-generic tableau T (L), the block associated with T (L) is the set of all Gelfand-Tsetlin U q -modules with Gelfand-Tsetlin support contained in
Now we are ready to give the main theorem in the paper.
(i) The irreducible module containing T (R) has a basis of tableaux
The action of U q on this irreducible module is given by the Gelfand-Tsetlin formulas (12) . (ii) The number of irreducible modules in the block associated with T (L) is:
In particular, V (T (L)) is irreducible if and only if d pu (T (L)) = 0 for any p and u, or equivalently, if and only if Ω(T (L)) = ∅.
Proof.
(i) For each tableau T (R), we have an explicit construction of the module containing T (R) (recall Definition 5.5):
where the sum is taken over tableaux T (Q) such that Ω
+ (T (R)) Ω + (T (S)) and U · T (S) is a proper submodule of U · T (R).The module M (T (R)) is simple. Indeed, this follows from the fact that for any nonzero tableau T (S) in M (T (R)) we have U · T (S) = U · T (R) and, hence, T (S) generates M (T (R)). By Theorem 5.9, I(T (R)) is a basis for M (T (R)). (ii) The irreducible modules are in one-to-one correspondence with the subsets of Ω(T (L)) of the form Ω + (T (L + z)). For any T (R) ∈ B(T (L)), we can decompose Ω(T (R)) into a disjoint union Ω(T (R
. For p, u fixed, let us denote by s p,u the number of different subsets of the form Ω + p,u (T (R)). So, the number of different subsets of the form Ω + (T (R)) is p,u s p,u . It is easy to see that s pu = d pu (T (L)) + 1.
Root of unity case
This section is devoted to describing the irreducible module of the quantum enveloping algebra U q when the complex parameter q is a root of unity. In this case denote by d its order. Since q = ±1. We must have d > 2.
Theorem 7.1.
[18] When q is a root of unity, any irreducible module of U q is finite dimensional.
It is easy to verify that
Remark 7.2. In the Gelfand-Tsetlin formulae (12) , none of the [l ki −l kj ] q is zero if l n1 − l nn ≤ e. So when q is a root of unity, Theorem 4.2 holds if λ 1 − λ n ≤ e + 1 − n. For a generic tableauT (L) all [l ki − l kj ] q are not zero. Hence, Theorem 5.2 holds when q is a root of unity.
Quantum Gelfand-Tsetlin subalgebra Γ q separates the tableaux in the following sense.
) and r ij − s ij = 0 mod e, 1 ≤ j ≤ i < n, then Γ q separates T (R) and T (S).
Proof. Let T (R) and T (S) be two tableaux with two different m-th row. Assume T (R) and T (S) have the same eigenvalue for any element in Γ q . It is easy to see from (4.3) that (q 2sm1 , . . . , q 2smm ) is a permutation of (q 2rm1 , . . . , q 2rmm ). For any r mi , there exist j such that q 2rmi = q 2smj . We have that r mi − s mj ∈ 1(q) 2 . T (L) is q-generic, one has that i = j. Since r ij − s ij = 0 mod e, then r mi = s mj which is a contradiction.
Proof. Suppose g = e k for some 1 ≤ k ≤ n − 1. By the Gelfand-Tsetlin formulas, we have
Let T (R 1 ) and T (R 2 ) be any two tableaux in the summation with nonzero coefficients, then (r 1 ) ij − (r 2 ) ij = 0 or ± 1 for any 1 ≤ j ≤ i < n. It follows from Theorem 7.3 that Γ q separate these two tableaux. Thus T (R i ) ∈ N for all i.
The proof that f k (T (R)) ∈ W (T (R)) is analogous to the one of e k (T (R)) . The case q ǫ k is trivial because q ǫ k acts as a multiplication by a scalar on T (R).
7.1. Submodule generated by a single tableau.
Notation 7.5. Let T (R) be a fixed tableau of height n. We set
Theorem 7.6. Let T (L) be a q-generic Gelfand-Tsetlin tableau, T (R) and T (S) be in B(T (L)).
and the action of U q (gl(n)) on U q · T (R) is given by the Gelfand-Tsetlin formulas (12) .
Proof. (i) In order to prove that W (T (R)) is a submodule, it is enough to show g · T (S) is in W (T (R)) for every generator of U q . The proof is similar to theorem 5.9 (i).
(ii)Similar to theorem 5.9 (ii), it is sufficient to prove that for any
(iii)It follows from (i) and (ii).
New constructions of irreducible Gelfand-Tsetlin modules.
In this section we use Gelfand-Tsetlin basis to give a new realistion of some irreducible Gelfand-Tsetlin modules in root of unity case. We assume d to be odd. Let p = (p ij ), 1 ≤ j ≤ i < n with nonzero entries in C, W ij (R) be the submodule generated by T (R + dδ ij ) − p ij T (R). By Theorem 7.6 a basis for W ij (R) is the set
Theorem 7.7. M is an irreducible module with dimension d
Proof. The submodule N has a basis
We denote the basis of M by I. Suppose M 1 is a nonzero submodule of M , by Proposition (7.3) the basis of M 1 is a subset of I. From theorem 7.6 and the relations in quotient module M , one has that I ⊆ U q T (R) for any tableau T (R) in I, . Thus M 1 = M and M is irreducible.
Remark 7.8. This module is similar to the module constructed in §7.5.5 of [18] .
From now on we will denote by Λ the following set
where T (S t ), t = 1, 2 run through over the set of tableaux in N (T (R)) such that
The module M (T (R)) can be regarded as the subquotient of U q T (R)/ T (S) U q (T (S)). Then it has basis: {T (S) ∈ I | s ij = r ij + m ij , 0 ≤ m ij < d, (i, j) / ∈ Λ}. Similar to theorem 7.7 M (T (R)) is irreducible. For any (i, j) ∈ Λ, if we fix the i + 1-th row of the tableau, the number of distinct s ij in I is t ij (T (R)). For (i, j) / ∈ Λ, there are d different s ij . Thus the dimension of M (T (R)) is 1≤j≤i<n t ij (T (R)). 7.3. Example. Recall two families d-dimensional modules of U q (sl 2 ) [17] . The first depends on three complex numbers λ, a and b. We assume λ = 0. Consider the d-dimensional vector space with a basis {v 0 , v 1 , . . .
and Ev 0 = av d−1 , F v d−1 = bv 0 , and Kv e−1 = λq −2(d−1) v p . These formula endow the vector space with a U q -module structure, denoted by V (λ, a, b) .
The second family depends on two scalars µ = 0 and c. Let E, F, K act on the vector space with basis {v 0 , v 1 , . . . , v d−1 } by
and F v 0 = 0, Ev d−1 = cv 0 , and Kv e−1 = µq −2 v e−1 . These formula endow the vector space with a U q -module structure, denoted byṼ (µ, c). In the following we will compare above modules with modules in 7.7 and 7.11. Let x, y, z be three complex number, v p = (x, y|z − p), 0 ≤ p ≤ d − 1. Consider the vector space with basis of tableaux {T (v p ) : 0 ≤ p ≤ d − 1}. Theorem 7.7 endows the vector space with a U q -module structure. The actions of E, F, K are given by F T (v p ) = T (v p+1 ), (26) and Ev 0 = 0, F v d−1 = sv 0 . This module is isomorphic to V (λ, 0, s), λ = q 2z−(x+y+1) . There exist an algebra endomorphism of U q (sl 2 ) such that E −→ F, F −→ E, K −→ K −1 . V (λ, a, 0) andṼ (µ, c) can be obtained from V (λ, 0, b) by the algebra endomorphism.
